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Abstract: According to the differential-topological approach, the spaces in which the conditions
of stable and unstable phase are fulfilled are determined on the phase diagram of the existence of the
CRISPR-systems, and the fulfillment of the conditions of the existence of the second-order critical
space is investigated. The methods of mathematical modeling of critical phenomena in
multicomponent systems, which have the prospect of use in modern biomedical and gene
technologies, are applied. The proposed method involves modeling the states of the CRISPR-systems
by systems of equations and inequalities containing potential functions of the system state that depend
on several variables. The purpose of the modeling is to determine the stability spaces, bifurcations
and spaces of simultaneous coexistence of several phases of the studied system. In the investigated
area of the phase diagram of the CRISPR-systems, the existence of a stable and an unstable phase
was determined. The position of the spaces of the phase diagram in which the conditions for the
existence of a stable and unstable phase, i.e. bifurcation space, are fulfilled are found. It was found
that there are no spaces of the phase diagram in which the condition of simultaneous coexistence of
two phases is fulfilled. From this, it is concluded that in the studied space of the phase diagram, the
system does not tend to disintegrate into two coexisting phases. The simulation results can be used to
analyze the stability of the CRISPR-systems under different conditions of synthesis and operation.

Keywords: mathematical modeling, phase coexistence, differential-topological approach,
spinodal decay, critical phenomena.

1. Introduction

Modern methods of mathematical modeling and software of computer algebra make it possible
to approach the solution of practical problems of studying the stability of the states of multicomponent
systems, which have the prospect of use in modern biomedical and gene technologies [1-7]. A special
place in modern genetic engineering is occupied by the research of CRISPR systems, which are direct
repeats and unique sequences in the DNA of bacteria and archaea dividing them, which, together with
associated genes, provide cell protection from foreign genetic elements (bacteriophages, plasma) [1-
5]. CRISPR cassettes are found in the genomes of many bacteria and most archaea. The repeats are
separated by variable stretches of DNA, spacers, of approximately the same length. Spacers
correspond to certain DNA fragments of foreign genetic elements (protospacers) by nucleotide
sequence. In this regard, it was proposed and then shown that the sequences separating the repeats
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originate from the sequences of the genomes of bacteriophages and, accordingly, provide protection
of cells against infections.

As a result of studies of the mechanism of action of the CRISPR-systems, it was assumed that it
is a prokaryotic analogue of the RNA interference system of eukaryotes and provides bacteria and
archaea with protection from bacteriophages [1].

Due to the emergence of prospects for the use of gene-based approaches in understanding system
security, it is important to develop models that can be used to predict the states of CRISPR systems,
to clarify the conditions of stable, unstable and critical phases of different orders, which has not been
studied to date.

2. The aim of the study

The purpose of the study is to create a model and numerical modeling method that allow to study
the spaces of the stable and bifurcation phase of the CRISPR system. The problems of researching
the processes of the emergence of phase coexistence spaces in the CRISPR system remain
unexplored, that is, the analysis of the possibility of the emergence of spaces of the phase space in
the system under different conditions, where the conditions for the simultaneous coexistence of
several stable phases are fulfilled. The purpose of the research in this paper is achieved by applying
the provisions of Tom's theory of catastrophes and Landau's phase transitions [8 — 10]. A differential
topological approach was used to find critical spaces [11 — 16]. In connection with the great
complexity of finding analytical expressions of higher-order derivative determinants and analysis of
their zero contours, computer modeling tools have been developed that provide effective solution of
applied problems in the study and practical use of a wide class of technological processes of CRISPR
system synthesis, as a multicomponent compound in biomedical technologies and predicting their
behavior during operation under various external conditions.

To achieve the goal of the research, the following tasks were solved:

— analysis and systematization of existing experimental and theoretical data on the appearance
of effects associated with the loss of stability in CRISPR systems and the appearance of spaces for
the coexistence of phases of different orders [1-5] was performed,;

— developed mathematical methods for predicting the appearance of critical spaces and spaces
of phase coexistence in the CRISPR system in the investigated area of the phase diagram of the
system's existence;

— software was developed that enables phase analysis of the studied CRISPR system.

3. Basic research materials

Modern studies show [1 — 5] that the properties of CRISPR systems, the so-called non-targeting
rules of CRISPR-Cas, are related to the kinetics of hybridization, that is, they have a kinetic origin,
and cleavage due to kinetically stopped hybridization is associated with it. It is believed that
elucidating the properties of CRISPR systems can increase the specificity of engineered systems
without losing efficiency. The repeats are 24 to 48 nucleotide pairs long; they have bivalent
symmetry but are generally not true palindromes

In the work for modeling critical phenomena in CRISPR systems [1 —3], it is assumed that the
dependence of the cleavage propensity on the position of mismatches in the guide-target hybrid
originates from the kinetics of the targeting process, and the relative probability of cleavage for a
sequence with a single mismatch (divergence, imbalance, heterogeneity) in position n compared to
the probability of cleavage of the target sequence. This relative splitting probability is generally
sigmoidal, that is, a continuously differentiable monotonic non-linear S-shaped function (S-curve or
spline function) [1]:

— pmaX
P(n'T)_1+exp[—1.7kBT(n—ns)] @)
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with ns giving the position where the splitting probability is half of the maximum pmax , and shifts are
measured in units of k,T . Here ns is identified as the length of the kinetic seed space beyond which

the mismatch will no longer strongly inhibit cleavage.
For the purpose of mathematical modeling of critical phenomena, the equations of state forming
the basis of the model were built on some 2-dimensional space in coordinates (n,T) [1, 1 - 15]. A

situation in which one stable state of the system coexists with another stable state was considered a
criterion for determining the spaces of phase coexistence. The process of the emergence of such a
space is a phase transition of the first kind according to Maxwell's principle. In this case, two or more
global minima of the system state function will have the same depth. Within the investigated phase
space, under certain conditions, bifurcation subspaces can appear in which a stable phase can become
unstable. Critical spaces of order 2 can arise under conditions where two different phases become
identical. Critical spaces of order 3 and 4 are formed, respectively, in the presence of three or four
identical phases. Due to the insufficient amount of experimental data, modeling of critical spaces of
order 3 and 4 has not been carried out in the work yet.

The search for spaces of the phase diagram in which the condition of a stable, unstable phase and
the spaces of coexistence of phases of the CRISPR-system (1) are fulfilled was carried out in
accordance with the provisions of Tom's theory of catastrophes and the generalization of the theory
of phase transitions by Landau for the case of 2-dimensional space (n,T) [1, 9, 11— 15]. To find the

spaces of the phase diagram where the conditions of a stable phase are fulfilled, the analytical

expression of the matrix of the partial first and second derivative functions P(n,T) was obtained
: : o . P ‘P :

according to expression (1), i.e., in matrix form % and %where X =X(n;T)Iis avector, and the

corresponding matrices were composed according to the rule:

o°P(n,T) &°P(n,T)

dzp 2
_| on onoT
adx? 82P(n,T) 82P(n,T) )
oTon oT 2

According to the obtained analytical expressions of the matrix of derivatives, the zero contours
of the determinant of the matrix of the first derivatives were found and the signature of the
determinant of the matrix of the second derivatives was investigated (Fig. 1a,b). The position of the
spaces of the phase diagram that meet the conditions for the existence of spaces of a stable phase was
obtained by the system of equations and inequalities:

2
det% =0; det%w , (3)

by the method of superimposing the topology of the obtained zero contour of the determinant of the
matrix of the first partial derivatives of the investigated function (1) and the spaces on the diagram of
the existence of the investigated CRISPR-system, in which the conditions of positive values of the
determinant of the matrix of the second partial derivatives are fulfilled. To find analytical expressions

of derivative matrices and zero contours of their determinants, the free Maxima computer algebra
2

system was used. To find out the condition det%w , that is, the positive signature of the determinant

of the matrix of components of the second partial derivative of the function under study (1), the position
of the zero contours of the determinant was first found, and then the value of the determinant around
the found zero contour was investigated by direct calculation. The found space of the phase diagram,
in which the conditions for the existence of spaces of a stable phase are fulfilled, is shown in Fig. 2.
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Fig. 2. The space of the phase diagram in which the conditions for the existence of stable phase
spaces are met (shaded space on the diagram).

To find spaces of the phase diagram in which the conditions of first-order instability or
bifurcation spaces are fulfilled, similarly to the above-mentioned method, a system of differential
equations and inequalities was solved [9, 11 — 14]:

2 3
det%:detOI 1220; detOI Iz>0. (4)
3
where the 5 Is the matrix of partial third derivatives on the X = X(n;T) of the function (1), and
3
the detd 1: is the determinant of the matrix of the third partial derivative of the function under study.

By the method of directly superimposing the topology of the determinants of the matrices of the first,
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second, and third derivatives and the zero contours of the determinants of the matrices of the first and
second derivatives of the function under study, the spaces of the phase diagram were found in which
conditions (4) are simultaneously fulfilled. In order to find out the sizes of the obtained spaces,
numerical studies were additionally carried out, that is, the values of determinants (4) were directly
calculated near the found zero contours of the determinants of the matrices of the first and second
partial derivatives of the function (1) with respect to variable X = X(n;T). First, the spaces in which
2

the conditions of det%: det =0 are simultaneously fulfilled were left on the phase diagram

2

of the existence of the CRISPR system (9), that is, the spaces of the phase diagram along which the

determinants of the matrix of the first and second partial derivatives are equal to zero, and then the
3

fulfillment of the condition of det >0 for the left spaces was checked. To study the signature of

3

the determinant of the matrix of the third partial derivative, the location of the zero contours of the
investigated determinant was obtained, and then the value of the determinant at points near the found
zero contours was determined by direct calculations.

The results of the study of the signature of the determinant of the partial derivatives of the
matrix of the third derivative and the spaces found in which the conditions of instability of the first
order are fulfilled are shown in Fig. 3a and Fig. 3b. The found space of the phase diagram, in which
the conditions of first-order instability, or bifurcation spaces, are fulfilled, is shown in Fig. 4.
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The search for spaces in which the condition for the existence of a second-order critical space
is fulfilled, i.e. the conditions for the simultaneous occurrence of two coexisting phases of the
CRISPR system (9), was carried out by searching for the solution of the system [9, 11 — 14]:

2 3 4
det%: det ij = det gXi =0; det d I:

>0, ()

4

where the det 143 is the determinant of the matrix of the fourth partial derivatives of the function

(1). Similarly to the method of finding stable and unstable phases, a search was made for the space
of the phase diagram in which conditions (5) are simultaneously fulfilled by directly superimposing
the topology of the determinants of the matrices of the first, second, and third derivatives and the zero
contours of the determinants of the matrices of the first, second, and third derivatives of the
investigated function. First, spaces were left on the phase diagram of the existence of the CRISPR
2 3
system (9) in which the conditions of detd—P: det d I: = det d }: =0 are simultaneously fulfilled,
dx (1)¢ dx

that is, spaces of the phase diagram along which the determinants of the matrix of the first, second,
d*p

4

and third partial derivatives are equal to zero, and then the fulfillment of the condition of det >0

for the left spaces. To study the signature of the determinant of the matrix of the fourth partial
derivative, the location of the zero contours of the investigated determinant was obtained, and then
the value of the determinant at points near the found zero contours was determined by direct
calculations.

dp d‘p d‘p

The Frel and —, matrices are block matrices. Yes, the —_ matrix has the structure
[16]:
o'P(n,T) 8'P(n,T) 0*P(n,T) 0'P(n,T)
on*  onaT andTon® onaTonaT
o'P(n,T) 8'P(n,T) 0*P(n,T) *P(n,T)
qtp | \on‘dTon anoToT ondT“on  anaT?
dx*
o‘P(n,T) o'P(n,T) o‘P(n,T) 8'P(n,T)
JTen® aten’eT | | aT’en’ ot %onaT (®)
o'P(n,T) 0*P(n,T) | | &'P(n,T) &'P(n,T)
oTonoTon aTondT? oTr’on  oT*

The application of the differential topological approach to the solution of system (5) showed that
the system has no solutions in the studied phase space, that is, the condition for the appearance of
spaces in which the condition for the existence of a second-order critical space is fulfilled is not
fulfilled. In addition, the methods of direct calculations of the signature of the studied space were
applied, which also confirmed the lack of fulfillment of conditions (5). The results of the study of the
signature of the determinant of the matrix of the fourth derivatives of the function (1) and the results
of the search for zero contours of the studied determinant are shown in Fig. 5a and Fig. 5b.
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4. Conclusion

According to the provisions of Tom's theory of catastrophes, as well as the generalization of
Landau's theory of phase transitions to the case of 2-dimensional phase space, a mathematical
model of critical phenomena in the CRISPR system was built [1].

In accordance with the proposed mathematical model of critical phenomena and on the basis of
a differential topological approach, a method was developed and its algorithm for predicting the
occurrence of critical spaces and spaces of phase coexistence of order two in the studied CRISPR
system was implemented.

Using the differential-topological approach and direct calculation, the existence of spaces of the
phase diagram of the studied system, in which the conditions of stable and unstable phase are
fulfilled, was determined, and the position of the identified spaces on the diagram of the existence
of the studied system was also found.

Based on the analysis of the conditions for the occurrence of a second-order critical space, in
which there is a probability of simultaneous coexistence of two phases, it was found that such
conditions are not fulfilled in the studied area of the phase diagram. Hence, it can be concluded that
the system in the studied space of the phase diagram does not tend to spinodal decomposition into
two coexisting phases.
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