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Abstract: Solar panels are considered as three-layer plates with a thick hard outer layer and a
thin soft inner layer. To describe the mechanical behavior of the plates on the example of a solar
panel, a model for anti-sandwich plates was used. The literature review includes scientific articles
describing models for analytical and numerical calculations of three-layer plates. During the scientific
study of the mechanical behavior of the solar plate under the influence of external factors, the method
of finite element analysis using the element of the spatial shell was used. This type of elements is
used for theories of single and multilayer plates. Shell elements were used for calculations and
modeling of the natural forms of vibrations of three-layer plates. The paper presents scientific studies
under static loading under different exposure conditions, as well as an analysis of self-oscillations of
a three-layer plate using the Kirchhoff and Mindlin theories as an example. As part of the scientific
work, a study of the mechanical model of a thin solar panel was carried out using finite element
analysis in the ABAQUS program, taking into account different temperature conditions. The article
provides analytical calculations of the application of various theories to determine the natural forms
of plate vibrations.

Keywords: solar panel, anti-sandwich, Kirchhoff theory, Reisner-Mindlin theory, eigen modes,
finite element method, ABAQUS.

1. Introduction

Solar energy is promising and the most unexplored today and in the future. The greatest
accumulation of solar energy is possible with the use of solar panels, which are subjected to heavy
loads due to changes in temperature, wind and precipitation. The above effects lead to dynamic loads.
In this regard, the study of plate vibrations on the example of solar panels is interesting and important
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for the design of solar panels of greater strength. Therefore, modeling and research of the behavior
of individual layers of three-layer plates is a necessary and urgent problem today [1,2].

In scientific works, solar cells are considered as multi-layer plates, the behavior of which is
studied by classical theories. Analytical calculations and the results of determining the eigen forms
of oscillations for shear-rigid and shear-elastic plates are given in the work. They carry information
about what shape the structure will have if a force is applied to it with a frequency equal to the
corresponding eigen frequency of vibration.

2. Object and subject of research

The object of the study is an anti-sandwich panel, with the help of which it is possible to describe
the behavior of a three-layer plate under the influence of various types of load using the example of
solar panels.

A typical structure of solar cells consists of outer glass layers and inner soft polymer layers,
which perform a protective function for very thin and fragile silicon solar panels (Fig. 1) [3-5].
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Fig. 1. a) Structure of a solar panel and b) boundary conditions [2].
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As mentioned above, this mechanical model describes a typical structure of solar panels, the
structure of which consists of glass and soft polymer materials. This type of structure performs a
protective function for very thin and fragile silicon solar panels.

In the scientific articles there is not enough information about the type of solar panel mounting.
In this case, the analytical calculation is carried out in two limiting cases of fastening: rigid anchoring
and free anchoring, which allows relative displacement of the layers.

Shell elements used in classical theories do not take into account transverse shear, which makes
it impossible to model the real behavior of the solar panel in the thickness direction.

3. Target of research

The main aim of the study is to determine the natural form of oscillation of the plate using the
classical methods of the theory of oscillations and the finite element method on the example of a solar
panel model using spatial elements of the shell.

Study of asymptotic analysis in two limiting cases using the theory of Kirchhoff and Reissner-
Mindlin in order to check the correctness of the results.

Determination of the dependence of the structure's eigen modes of oscillations on the change in
the mechanical characteristics of the middle layer.

4. Literature analysis

The paper considers a three-layer thin composite, using solar panels as an example. The structure
of the solar panel can be considered as a multilayer composite with isotropic properties. Due to
specific geometric and mechanical characteristics, such a plate was called an antisandwich [6-8, 14-
16]. Thus, the antisandwich is a mechanical model that reflects the real geometry and is able to
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describe the mechanical behavior of the solar panel. In paper [6], a finite-element analysis of an anti-
sandwich panel based on the theory of layer theory, using a specially designed finite element, is given.

Since solar cells consist of multilayer structures, the literature review showed that in works [3,
9, 14-17] three-layer glass beams were studied based on the theory of layered materials.

A new finite element is modeled for modeling multilayer structures [9]. The article shows that
there are significant deviations between the results of different theories for a three-layer beam with
asymmetric layers. This indicates that the shear theory allows large errors in the calculation of such
structures. The results of modeling using the new element are presented in papers [7, 13]. Numerical
calculations were compared with analytical results obtained for a three-layer plate with a soft inner
layer. Using a new volumetric element, it is possible to automate the process of creating a finite-
element mesh of a complex geometric shape [11].

It was established that this method is suitable for calculating multilayer structures with a very
thin and soft inner layer. Solar panels have a similar structure. The application of this approach for
multilayer plates is reflected in papers [2, 6-8, 10, 13, 20, 21].

In papers [23, 24, 25, 26], the results of calculations and modeling of the behavior of sandwich
plates of different shapes and made of different materials using the theory of shear deformation are
presented. The results of experimental studies of three-layer plates are also presented [27].

5. Research methods

Theories of single and multilayer plates

During the research, an analysis of the deformed state of the three-layer plate was carried out by
the method of finite element analysis using the spatial shell element. This element is based on the
first-order shift theory [4]. The article presents calculations in the limit cases of a rigid and shear-
elastic thin plate according to the theory of Kirchhoff and Mindlin-Reisner.

A comparative analysis of the results obtained on the basis of the spatial shell element with the
results obtained according to the theory of multilayer plates was also carried out.

The main equations and assumptions of all used theories are presented later in the paper.

Kirchhoff's theory of rigid plates

A plate is a solid body, one of whose dimensions (thickness h) is significantly smaller than the
other two (Fig. 2).
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Fig. 1 Schematic representation of a single-layer plate [17].

In the general classification, plates are divided into thin and thick. In thin plates, the thickness is
10-20 times smaller than the planar dimensions. If the ratio of the thickness to the smaller of the
planar dimensions does not exceed 1/3, then such a plate is considered thick. The plane parallel to the
x10x2 plane, which divides the plate in half, is called the middle plane [17].

If the displacement of the plate along the z axis (deflection) lies within w< 0,5h, then such a
plate can be calculated according to the classical theory of thin plates (Kirchhoff theory). In this case,
along with the main assumptions of the theory of elasticity, additional assumptions are fulfilled [18]:

— The plate material is homogeneous and isotropic
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— The middle plane of the plate during bending deformation is a neutral surface, i.e. higher-
order deformations and stresses during plate deformation are neglected. Accordingly, the
following displacements are obtained: u1(x1,X2,0)=u2(X1, X2,0)=0, u3(X1,X2,0)=w=0.

All points on the normal to the undeformed median plane after deformation remain points normal
to the deformed median plane. The distance between the points of the normal does not change after
deformation, that is, the plate does not stretch in the direction of the thickness £33=0. Equation of
movements:

u1(X1’X2’X3): X3‘//1(X1’X2)
Uz(Xi,XZ,Xs):X3W2(X1,X2) 1)

Uy (X, X5, X ) = W( X, X, )

— where y1 and y» — angles of rotation of the cross-section of the plate relative to the axis x.

and Xu.

The normal stress ozz is generally much smaller than the normal stresses o1 and o2, i.e.
o<<o11, o». Therefore, it is assumed that 03320 (plane stress state).

To derive the equation of the plate, it is necessary to formulate the kinematic relationships
between stresses and strains, set the equations of equilibrium (kinetics) to determine the forces and
moments acting on the plate, and introduce the relationship between stresses and strains (equations
describing the behavior of the material). In the process of deriving this theory, [18] was used.

Kinematic equations

Fig. 3 shows a plate made of a homogeneous isotropic material in an undeformed state (a).
Consider the element (b) cut out of it. In the initial state, all surfaces of the element are straight and
parallel to each other. After deformation, the element acquires some curvature, but due to the
kinematic hypothesis £33=0, the distance between parallel planes does not change. At the same time,
in this problem, a flat deformed state is assumed, i.e. y13=723=0. Taking into account the assumption
of a neutral surface, there are no displacements us, uz of the middle surface, but they are different
from zero in the planes parallel to it.

In this case, the following equations are fulfilled:

Cos @, ~ CoS@, ~1
sing, = g, ~ tang, =W, )
sing, ~ g, =~ tang, =W,

Thus, the equations for displacements have the form:

ul(xi’XZ’XC%) :_XS\N,l(Xi’XZ)
Uz(Xl,XZ,X3)=—X3W2(X1,X2)
W(X1'X2'X3):W(X1'X2) (3)
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Fig. 2 Kinematic relations in the plate element: a) a rectangular plate and an element cut from it
(initial state); b) section in the x;-x3 plane of the deformed and undeformed element; c) section in
the x2-x3 plane of a deformed and undeformed element [18].

Deformations obtained taking into account the relationship between displacements will take the
form:

& = Uy == XWyy = XK, &y = Uy, = —XWoy = X3K), (4)

Vip =Upp +Upy = —2X3W,, = 2X3Ki,5, Vo1 = Uy + Uy, =—2X3W,; = 2Xs,

Equilibrium equation
All stresses in the plate by the method of integration over the thickness are reduced to forces and
moments related to the length (Fig. 4):

P lta qudza .
dr, . ™zdra / ' (may + myy gz Jdxy
2 e, 1 . C———
myydts qdzydzy (myg + myg, dry Jdzy

(g1 + qu,1dz )dzy

R

(ma2 + Mg odz,)dz, T
(g2 + ga,2dza)dxy
(ma1 + may zdza)dz,

Fig. 3 Forces and moments acting on a plate element [18]

The equilibrium equation is formulated as the sum of all forces and moments acting on the
undeformed element of the plate. Neglecting higher orders of differentiation, the equilibrium equation
can be reduced to the following system:

Oy + 9o, +4=0, M, +mMy, —q=0, My, +my,—q=0 ®)

After differentiation, we get the following

My, + 2m12,12 +My,,, =—( (6)

The relations between stresses and strains (Hooke's law)
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1 1 2(1+v
€n ZE(O-M —VO'22), €9 ZE(O-zz _Vo-ll)’ V12 = ( E )0-12 @)
E
oy, = —1_ 2 (511 +V€22), (o =1_—2(822 +Vgll)’ O, = myﬁ

After substituting kinematic equations, equilibrium equations and performing mathematical
transformations, we obtain the following expression:

2 2
aa—)(f[K(wll+vw22)]+2 0

82
X%, [(1_V)KW12:|+5_X§[K(W22 +VW]11)]=q (8)

Eh®
12(1-v?)
the plate (K=const), equation (3) is reduced to the form:

where g = - bending stiffness the plate. Thus, taking into account the homogeneity of

AAW(X,, X, ) =w (9)

Kirchhoff's finite element. The points of the middle surface during bending of the plate change
their coordinates in the direction of the z axis. Lines that are perpendicular to the median surface
remain straight and perpendicular after deformation, as shown in Fig. 5. Thus, it is considered that
there is no shift. A point that does not lie on the middle surface has displacement uand v in x and y
coordinates, respectively. In figure w and w  small angular displacements after deformation of the

plate. So

U=-—zw, ,v=—zw

Then E,=U, =—ZW €, =V =—ZW ¥ =V tu, =2zw (10)
ZW w
dx Wy U=ZWyx
)
P
t ? | -
2 } !
YA
|
it XU W% \ 0 \ |
O ! X,u
! Z
)
by
Y

Fig. 5 a) Finite element of thin platinum before loading, b) After loading: the deformations are
related to the Kirchhoff theory for plates. Point P is shifted by a coordinate w up and by an angle
zw, to the left, because the middle line has a linear w and small angular zw . displacement.

Theory of plates with consideration of shear

The classical theory of plates, given in the previous section, is performed under the condition of
a thin plate and small displacements w<0,5h. In the case of plates of medium thickness (

0.1<h/a<0.3), as well as non-fulfillment of the last condition, i.e. w> 0,5h, non-classical
theories of plates that take into account shear deformations are used. One of these theories is the
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theory of first-order shear deformations, which is also called the Mindlin theory, which describes a
shear-yielding plate with small deflections [18].

Basic assumptions:

— the displacement and rotation of the median plane due to deformation along the thickness are
not taken into account: ui(xy, X2, X3 = 0) = 0; u2(X1, X2, X3 =0) =0,

— U3(X1, X2, X3 =0) =0,

— the deflection of the plate is small compared to the thickness: w/A<0,5. As a result, the curvature
is linearized: k11 =~ w11, k22 R w22, K12 = w12 + Y12

— the points normal to the middle surface do not change the distance between each other due to
deformation: £33=0. After deformation, they lie on a straight line that is not perpendicular to the
median plane.

— the normal stress o33 in shear-yielding plates is neglected.

Kinematic equations

To determine the kinematic ratios, the plate element is considered (Fig. 6).

P

Fig. 6 Kinematics of a shear-yielding plate: a) section xo=const; b) section x;=const; c)
movement and angles of rotation of the plate [18]

U (%,%,,0)=0, U,(%,X,,0)=0, uy(x,X,,0)=w=0 (11)
In this case, we have:

&y = Uy = XgWyg, Exp =Uyy = X5y, E33=0

(12)
Yip =Upp Uy = Xs(‘//1,2 "“//2,1)’ Var =Ugg tU g =Wy + ¥, Vs =Ups +Ug, =W, +W,
In contrast to Kirchhoff's theory, the deformations depend not only on the deflection w, but also
on the angles of rotation y1 and .
Equilibrium equation (5), (6) for Kirchhoff's theory, they also apply in the case of a plate
susceptible to shear.
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The relations between stresses and strains:

1
én :E(Gll _Vazz)’ & = E(Gzz _Vgn)

1 2(1+V) 1 2(1+v) 1 2(1+v)
=0, =——20, Vp =0, =——"0h, Vo =—0Oy=——"0
V12 G v E 120 V23 G 7= E 231 Va1 G 7u E 31
o, = E (en+Vvey), O (&, +Vey)
u= " 2\ 2 2= 7 7 \%2 11 13)
O 712_2(1 V)712’ 0_2326723:2(1+V)723’ 03126731:2(1+V)731

Taking into account the equations of kinematics, equilibrium equations and introducing
replacement v/, , + vy, , =D (X, X,), W, — v, =V (X, X, ), receive:

K [Wl,m VW +(1-V) (‘//2,112 TV ) TWo20 TV 1120 } =-q

K 1-v K 1—y (14)
W, =-y, +G_hs(q)‘1 _T\P,zj1 W, =-y, +G_hs(®‘2 —T‘P;)

In equations (14), the real thickness h is replaced by the reduced shear thickness hs. It is obtained
through the shear correction factor y, which in the case of an isotropic plate of level 5/6:
h,= yh=h/12.

In the first equation of system (8), terms with v are shortened. For the second and third equations,
we consider that w,, + W,, = Aw. In this case, we formulate the equation of the plate:

KAD=—q, Aw=-0+——ad, =¥ K qg_w_o (15)
Gh 2 Gh

S S

Mindlin's finite element. In this element, it is assumed that the lines that are perpendicular to
the median surface in the initial state change their position. Shear deformations are assumed to be
present. The displacement of a point that does not lie on the middle surface is not described by the
derivatives of displacements w_and w, as in Kirchhoff's theory. When using the Mindlin element,

the point movement depends on the angles 6, and 6, [2]. That u =-z6,_, v=-z6

y

Then ¢, =26, ., &,=-20,,, 7, =-20.,+6,.), 7. =w,-0,, y.=w, 6, (16)

x,x !

The above formulas follow from the ratios

E, U, E =V, E. =W, Y =V FU Y, = U_+W, Yy =U_ W

Mindlin's finite element takes shear into account, so it is possible to analyze thick and layered
plates Fig. 7.
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Fig. 7 The differential element of the plates after deformation, similar to Fig. 5, but taking into
account the shift (w = 6 therefore y, =w, -6, #0)

For a rectangular plate, the shape functions N, can be expressed in x and y coordinates, and the
area element is dA = dxdy . If the element is curvilinear, as shown in Fig. 8, then the shape functions
N, can be expressed in isoparametric coordinates £and 7 [3].

y y

D

a) b

Fig. 8 a) Bilinear element and b) quadratic element.

Accordingly, for bilinear and quadratic elements, the shape functions N, are given in the form
[4]
Ny=(-8Xi=n) Moo= (+&Mi-n) Ny = (+X1+m) Ny =5 (1-6)14n)
and tables Fig. 9.
yv

Xu

&) b) c)

Fig. 9 a) Element with nine nodes in Cartesian coordinates.
b),c) Functions of the form N,and N, for quadratic elements in & —# coordinates.
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1 1 1 1 1

Ny = (=== SN+ N)= TNy Ny =+ M= 7)= 2 (N, V)=,
v, %(1+§)(1+77) ;<N6+N7>—§N9 N4=§<1—5)(1+n>—§<N7+N8>—§N9 )

1 1 1

No= (- Ni-n)- 3N, No=2(+&fi-nt)-o N, N, ==& Nien)- N,

S1-i-7)-w, N9=(1—§2)(1—772)

6. Research results

Determination of eigen vibration forms of oscillations using Kirchhoff and Mindlin elements was
carried out by means of numerical modeling using the ABAQUS software package at the Otto-von-
Guericke Institute of Mechanics of the University of Magdeburg (Germany) using spatial shell
elements.

The analysis of natural oscillations was carried out according to the two theories of Kirchhoff
and Mindlin-Reissner in the case of a rigid homogeneous plate (E,=E,=E.) and a soft homogeneous
plate (E.=E.=E.) [1]. The equations for determining the natural frequencies and natural forms were
taken from the source [2,3,4].

Fig. 10 and Fig. 11 show the natural forms of oscillations, calculated analytically and numerically
using spatial shell elements in two extreme cases: a rigid plate (Kirchhoff theory) and a shear-yielding
plate (Mindlin-Reisner theory). From the figures, it is clearly seen that the eigenmodes coincide in
both limit cases during analytical and numerical calculations, which, in turn, proves that the
calculation with spatial elements of the shell gives accurate results.
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Fig. 10 Eigenmodes of vibrations in the limiting case of a shear-rigid plate, calculated
analytically (left) and with the use of spatial shell elements (right)
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analytically (left) and with the use of spatial shell elements (right)
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7. Prospects for further research development

In future research related to multilayer plates, forced oscillations caused by loads of various
types, as well as natural forms of oscillation of structures with complex geometric shapes, are of
considerable interest. It is planned to determine the above-mentioned characteristics using the
Kirchhoff and Mindlin theories.

8. Conclusion

The paper presents the results of the study of the behavior of a multilayer plate, using the example
of a solar panel, by the method of finite element analysis using spatial elements of the shell. An anti-
sandwich plate model was used to describe the mechanical behavior of the solar panel, which is a
three-layer plate in structure.

To check the adequacy of the analytical calculations, a numerical calculation of the eigenforms
in the limit cases of a homogeneous plate was carried out. The obtained results showed a high
convergence of numerical and analytical analysis.
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